Assume that a finite group G has a unique minimal normal subgroup, say N . We prove that if the order of N is large enough then the following is true: If d randomly chosen elements generate G modulo N , then these elements almost certainly generate G itself.
Introduction.

For any finite group G, let d(G)
this number is the probability that a d-tuple generates G, given that it generates G modulo N. By the previous remark P G,N (d) is also the probability that, given g 1 , . . . , g d generating G modulo N, d randomly chosen elements n 1 , . . . , n d of N satisfy the condition
In the last years many results have been proved about the probability of generating finite simple groups. By a classical result of Dixon [9] two elements chosen at random from the symmetric group Sym(n) will almost certainly generate a subgroup containing the alternating group Alt(n). Kantor and Lubotzky [14] proved an analogous result for classical groups and for small exceptional groups. Liebeck and Shalev [15] finished the proof of the following theorem: If S is a finite nonabelian simple group and G is an almost simple group with S ≤ G ≤ Aut S, then the probability P (G) that two randomly chosen elements of G generate a subgroup containing S tends to 1 as |S| → ∞. From the proof of this theorem it can be easily deduced a stronger result (see Proposition 2.7): min h 1 ,h 2 ∈Aut S P S,h 1 ,h 2 ,S (2) → 1 as |S| → ∞.
Note that the previous sentence can be viewed as a slight generalisation of the theorem of Liebeck and Shalev about the asymptotic behaviour of P (G); indeed P (G) coincides with the average (x,y)∈G 2
In this paper we want to study P G,N (d) in the more general case when N is the unique minimal normal subgroup of G. The main result is the following.
Theorem 1.1. Assume that a finite group G has a unique minimal normal subgroup N and that
In [17] it was proved that if G is a noncyclic finite group with a unique minimal normal subgroup N , then d(G) = max{2, d(G/N )}. Combining this result with the previous theorem we deduce:
Corollary 1.2. There exists an absolute constant γ such that if G is a noncyclic finite group with a unique minimal normal subgroup
N and d ≥ max{2, d(G/N )}, then φ G (d) φ G/N (d) ≥ γ|N | d .
Our interest in computing
for a finite group G with a unique minimal normal subgroup N is motivated by the following considerations. Let G 0 = G/N and for any positive integer t define
In [8] it is proved that for any nontrivial finite group H there exist a finite group G with a unique minimal normal subgroup and an integer t such that G t is an epimorphic image of H and
. Hence results on the generation of groups G t allow us to prove more general results on the generation of finite groups. On the other hand to compute d(G t ) we need to know
Theorem 2.7) and this can be bounded using Corollary 1.2.
An example of how Corollary 1.2 can be applied to solve questions about the generation of finite groups is described in Section 3. Suppose that p and q are distinct primes, let P be a nontrivial p-group, Q a nontrivial q-group and assume that d(Q) ≤ d(P ) = d. By [16] Theorem C, any finite group H containing P and Q and generated by them can be generated by d + 2 elements. Moreover from the results in [4] it can be easily deduced that d(P Q) = d + 1. Let P Q be the profinite free product of P and Q, i.e., the completion of the free product P * Q in the profinite topology, and let dt(P Q) be the smallest cardinality of a topological generating set for P Q; dt(P Q) = max H d(H) where H runs over the set of finite epimorphic images of P * Q so, by the previous remarks,
It remains open the question to determine the exact value of dt(P Q). In this paper we solve this problem when d is large enough, proving: 
We first recall a result due to Gaschütz [10] 
Otherwise N has a complement, K say. The kernel of the action of K on N is a normal subgroup of G, so by the uniqueness of N that kernel must be trivial, the action must be faithful. So, by [13] 
If G is cyclic then G=N has prime order and
In both the cases
For the remaining part of this section we assume that N is a nonabelian minimal normal subgroup of G, so N = S n , where S is a nonabelian simple group; furthermore, the hypothesis that N is the unique minimal normal subgroup of G implies that G ≤ Aut S n = Aut S Sym(n) (the wreath product of Aut S with the symmetric group of degree n). So the elements of G are of the kind g = (h 1 , . . . , h n )σ, with h i ∈ Aut S and σ ∈ Sym(n). The map π : G → Sym(n) which sends g = (h 1 , . . . , h n )σ to σ is a homomorphism; since N is a minimal normal subgroup of G, Gπ is a transitive subgroup of Sym(n). Let Γ = (Aut S) n be the base of the wreath product Aut S Sym(n) and let π i : Γ → Aut S be the projection on the i-th factor. Moreover for any 1 ≤ i ≤ n denote with S i the subset of S n = N consisting of the ele-
We will make a frequent use of the following remarks:
To prove the theorem we need some preliminary results, concerning the cardinality of the following subsets of N d :
To study these subsets we need the following results, which depend on the classification of finite simple groups: Proposition 2.4 (Borovik, Pyber and Shalev, Theorem 1.4 [3] On the other hand it follows from a result due to Gaschütz ([11] , Satz 1) that
where M * is the set of maximal subgroups of G not containing S.
Now we can start to study the subsets
Lemma 2.8. Let α and c be the constants which appear in the statements of Proposition 2.4 and Proposition 2.5; then
Proof. a) First of all, we observe that by Lemma 2.2 for each complement H of N there is at most a unique w ∈ N d such that H w = H, thus the cardinality of Ω 2 can be bounded by the number of complements of N in G.
Denote K = S 2 × · · · × S n and notice that N G (K) is isomorphic to a subgroup of Aut S× (Aut S Sym(n − 1)) and N G (K)/K to a subgroup of Aut S × (Out S Sym(n − 1)).
To estimate the cardinality of the set of complements of N in G we apply the following result, proved by Gross and Kovács ( [12] It is clear that every complement X of N in G has index |N | and so there are at most |N | coniugates of X in G. Using these facts we conclude that the number of complements of N in G is at most |N | 5 and hence |Ω 2 | ≤ |N | 5 .
To obtain the second bound of |Ω 2 | we will use again the theorem proved by Gross and Kovács, Aschbacher and Scott, but in this case we will estimate the number of complements of [18] ; a proof has been published in [5] ). In particular, since is isomorphic to 3) ; this implies that the elements x 1 , . . . , x u must be chosen in such a way as to make h 1 x 1 , . . . , h u x u a solvable subgroup of Aut S. Hence the next step is to estimate the number of the suitable choices for x 1 , . . . , x u ∈ S. Of course, h 1 x 1 , . . . , h u x u must belong to R, a maximal solvable subgroup of Aut S. By Proposition 2.4, Aut S has at most | Aut S| c maximal solvable subgroups. Moreover, fixed a maximal solvable subgroup R of Aut S, the number of (x 1 , . . . , x u ) ∈ S u such that (h 1 x 1 , . . . , h u x u ) ∈ R u is at most |R ∩ S| u and such number can be bounded by |S| αu using Proposition 2.5.
At this point we can state that the number of the choices for the suitable elements
Finally, since it is possible to choice γ δ i , i > u, in at most |S| different ways the complements of S in N G (K)/K are at most
At this point of the proof we can repeat the same arguments used for the first bound of |Ω 2 | and conclude that
. Therefore, the cardinality of Ω 3 can be bounded estimating again the number of complements of N in G. Precisely, we can repeat the same arguments used above to prove |Ω 2 | ≤ |N | 5 . But in this case because of G ∩ Γ = N any complement of N/K in N G (K)/K turns out to be isomorphic to a subgroup of Sym(n − 1) and, in particular,
and arguing from analogy with the previous case we deduce that Proof. Let w ∈ Ω 4 . Notice that H w ∩ N is a normal subgroup of H w and Gπ = (H w )π is a transitive subgroup of Sym(n); this implies (
where Φ is an imprimitive system of Gπ and, for every block B ∈ Φ, D B is a full diagonal subgroup of j∈B S j (that is,
In 
The different choices for B are at most 2 n−1 and 2 n−1 ≤ (60
Lemma 2.10.
, therefore the proof is concluded if we will show that |∆ 1 | ≥ c s |N | 2 . Let g 1 = (α 1 , . . . , α n )ρ and g 2 = (β 1 , . . . , β n )σ with ρ, σ ∈ Sym(n) and α i , β i ∈ Aut S. Consider ρ and σ as products of disjoint cycles (including cycles of length 1) and consider in particular the cycles (r 1 , . . . , r t ) and (s 1 , . . . , s u ) with r 1 = s 1 = 1 of ρ and σ respectively.
Suppose n 1 = (x 1 , . . . , x n ) ∈ N and n 2 = (y 1 , . . . , y n ) ∈ N , and define g 1 = g 1 n 1 and g 2 = g 2 n 2 . It turns out to be g t
We notice that in order to find (n 1 , n 2 ) ∈ ∆ 1 , we can choose x 2 , . . . , x n and y 2 , . . . , y n arbitrarily, while x 1 , y 1 must be selected in such a way as to make h 1 x 1 , h 2 y 1 = h 1 , h 2 , S ≥ S. By Proposition 2.7 there exist at least c s |S| 2 ways to choose the elements x 1 , y 1 ∈ S, so we conclude that
Therefore, by the maximality of M , it turns out to be
where H runs in the set of proper subgroups of S and
H| different ways and
In particular
.
Notice that H < S and so
Moreover, since |S| ≤ µ, the number of subgroups of S can be bounded by an integer δ (i.e., δ = 2 µ ). At this point we can conclude that
and such bound tends to 0 as n tends to infinity, since d ≥ 2.
Lemma 2.15. Let and µ be two positive real numbers. There exists n 3 such that if n ≥ n 3 and |S| ≤ µ then
Proof. This is an immediate consequence of Lemma 2.9. Now we can complete the proof of our theorem. We are assuming that N = S n for a suitable nonabelian simple group S and a suitable integer n. We have to show that if is a fixed positive real number then there exists an integer ν such that
By Lemma 2.12 there exists µ such that
For these choices of and µ take n 1 , n 2 and n 3 as in Lemmas 2.13, 2.14, 2.15 and let ν = µ max{n 1 ,n 2 ,n 3 } . Suppose |N | = |S| n ≥ ν. If |S| ≥ µ then 
Proof of Theorem 1.4.
To prove Theorem 1.4 we apply the same arguments that have already been used to prove Theorem 9 in [16] ; so we give only a sketch of the proof, omitting some details that can be found in [16] .
Suppose that H is a minimal counterexample. There exist a finite group G with a unique minimal normal subgroup N and an integer t ≥ 2 such that H ∼ = G t ; moreover N is nonabelian. Let C = C Aut G (G/N ) denote the group of those automorphisms of G that act trivially on G/N. By [8] 
